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Abstract 

We consider the N-body Schrodinger dynamics of bosons in the mean field limit with a 
bounded pair-interaction potential. According to the previous work | AmNi], the mean field limit 
is translated into a semiclassical problem with a small parameter e — » 0, after introducing an e- 
dependent bosonic quantization. The limit is expressed as a push-forward by a nonlinear flow 
(e.g. Hartree) of the associated Wigner measures. These object and their basic properties were 
introduced in | AmNi| in the infinite dimensional setting. The additional result presented here 
states that the transport by the nonlinear flow holds for rather general class of quantum states in 
their mean field limit. 

2000 Mathematics subject classification: 81S30, 81S05, 81T10, 35Q55 

1 Introduction 

The mathematical analysis of the mean field limit of the A^-body quantum dynamics of bosons started 
with the work of | |Hep[ and IGiVel . Since, the problem has experienced intensive investigations 
using mainly the so-called BBGKY hierarchy method explained in [ |Spo|. In terest was focused 
on studying the cases of singular interaction potential (see for example [BGM|, [EY], IBE GMYl , 
JESYI). 

Recently, a new method was given in |FGS] (see also |FKP|) for a scalar bounded potential 
which inspires this work. The convergence of the quantum dynamics are typically tested on the 
above quoted articles, either on coherent states or on Hermite states. Even when such specific 
choices are avoided, the convergence on arbitrary states still has to be studied. 

In the work (AmNi], Wigner measures were extended to the infinite dimensional setting, as 
Borel probability measures under general assumptions. It was also explained how previous weak 
formulations of the mean field limit are contained in the definition of these asymptotic Wigner 
measures, after a reformulation of the A^-body problem as a semiclassical problem with the small 
parameter e = ^ — > 0. The basic properties of these Wigner measures were considered and they were 
used to check that the mean field dynamics for the coherent states and Hermite states are essentially 
equivalent. 



In this paper, the problem of the mean field dynamics is considered under some restrictive as- 
sumptions on the initial data. The convergence of N-body Schrodinger dynamics of bosons in the 
mean field limit will be proved for a class of density operator sequences, which contains all the com- 
mon examples. Remember that contrary to the finite dimensional case no natural pseudodifferential 
calculus can be deformed by arbitrary nonlinear flows, and the propagation of Wigner measures as 
dual objects cannot be straightforward in the infinite dimensional case. The limit is expressed as 
push-forward by a nonlinear flow (e.g. Hartree) of Wigner measures associated with the sequence of 
density operators. The result holds here when the pair interaction potential is bounded on L 2 (K^ C ',). 
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This can be considered as a regular case and subsequent work will be devoted to more singular cases 
like in IFKSI with a Coulombic interaction V(x — y) = j^-^ or in the derivation of cubic nonlinear 
Schrodinger equations with V (x — y) — 8(x — y) like in the 1ESY1 . 

Since in the literature the non relativistic and the semi-relativistic dynamics of bosons were both 
studied (see [ElSc]), an abstract setting for the linear part of the flow seems relevant. Examples are 
reviewed in the last section. 

We keep the same notations as in [AmNi|. The phase-space, a complex separable Hilbert space, 
is denoted by iF with the scalar product (.,.). The symmetric Fock space on iF is denoted by 
and V" -2" is the 71-fold symmetric (Hilbert) tensor product, so that J$? — ffi„ G pj V" 3f as a Hilbert 
direct sum. Algebraic direct sums or tensor products are denoted with a alg superscript. Hence 
^0 = V" 3? denotes the subspace of vectors with a finite number of particles. For any p,q£N, 
the space £P p , c/ (3f) of complex-valued polynomials on 2f is defined with the following continuity 
condition: b G ^ p , q (2f) iff there exists a unique b G (\J P \f q such that: 

The subspace of g? p . q (3C) made of polynomials b such that b is a compact operator is denoted by 
^ pq (^). The Wick monomial of symbol b G is the linear operator b Wlck : Jt% — * ^0 

defined as follows: 



.Wick _ , 



, , \/n\(n + q — p)l p+q f~ \ 



(n~P) 



where 5? n is the symmetrization orthogonal projection from ® n 3f onto V" 2f. Remark that b w,ck 
depends on the scaling parameter e. 

Consider a polynomial Q G ^2,2 (3?) such that Q G J£(\J 2 3?) is bounded symmetric. The 
many-body quantum Hamiltonian of bosons is a self-adjoint operator on Jri? having the general 
shape: 

H £ =AT(A) + Q mck , (1) 

where A is a given self-adjoint operator on 3f. The time evolution of the quantum system is given 
by U e (t) = e- f i H£ and t/ e °(f) = e - ! 'i dr ( A ) for the free motion. The commutation [Q wick ,N] = 
with the number operator = dr(l) = (|z| 2 ) W ' £i , ensures the essential self-adjointness of H e on 
£F(dr(A)) n J% and the fact that both dynamics preserve the number. 

Now we turn to the description of the nonlinear classical dynamics analogues of ([T). 
Let us first recall some notations from [AmNi I . Polynomials in & p . q (3f) admit Frechet differentials. 
For foe ^ p , q (3f), set 

o\b(z)[u] — d r b(z + ru)\ r=0 , d z b(z)[u] = d r b(z + ru)^ r=0 , 

where d r ,d r are the usual derivatives over C. Moreover, d k b(z) naturally belongs to {\J k 3?)* (i.e.: 
/c-linear symmetric functionals) while d-lb(z) is identified via the scalar product with an element of 

V ; ' 3f, for any fixed zef. For b t G 3» puq .(2f), i = 1,2 and k € N, set 

d k b, . d k b 2 (z) = (d k b 1 (z),d k b 2 (z)) (yksrv ^ G & Pl+P2 - km+q2 - k (2f) . 
The multiple Poisson brackets are defined by 

{b u b 2 } {k) =d k z bi4h- d*b2.%b u {b\M = {bM W - 
The energy functional 

h(z) = (z,Az)+Q{z), ze@(A), 
has the associated vector field X : 39(A) — > 3f, X(z) = Az + d^Q(z) and the nonlinear field equation 

id t Zt =X(z t ) 
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with initial condition zo — z £ &(A). For our purpose, we only need the integral form of the later 
equation 

z t = e-" A z - i f e-^ A d- z Q(z s )ds, for z G 2. (2) 
Jo 

The standard fixed point argument implies that (|2|i admits a unique global C°-flow on 2 which is 
denoted by F : R x 2 -> 2 (i.e.: F is a C°-map satisfying F t+S (z) = F, oF s (z) and F r (z) solves © 
for any z G iF). While considering the evolution of the Wick symbols, the action of the free flow 
e -" A will be summarized by the next notation : 

b,=boe- itA : 3f3z^b t (z)=b{e- M z), b, G ®% n ^ P , q (2) , (3) 
for any b G ©^eN^W^) and an y 1 e R - 

Moreover, if z t solves (j2|, and Q, is defined according to (O, then w, = e" A z t solves the differential 
equation 

d _ . . 

— w, = -?<%(2,(wy). 

Therefore for any b £ &p t q{3f), the following identity holds 

-i-Kwt) = d z b(w t )[-id z Q t (w t )] + d z b(w t )[-id z Q t (w t )} 
at 

= i{Q,,b}(w t ). 

This yields for any z £ 2? and b £ ®f g qe ^^ l p,q{^'), the Duhamel formula 

b o F, ( z ) = Z? r (z) + f /' { 6, b,_ n } o F„ (z) dn , (4) 
Jo 

by observing that { Q n , b} (w h ) = { Q,b- n } (z h ) ■ 

2 Results 

While introducing or using Wigner measures, all the arguments are carried out with extracted se- 
quences (or subsequences) (e n )n<m such that lim„^oo £„ = 0, instead of considering a non countable 
range (0, e), £ > 0, of values for the small parameter £. Without loss of generality (see MAmNi l) one 
can consider a countable family (p £n ) n <m of density matrices, p £n > 0, Tr[p e „] = 1, and test them 
with £„ -quantized (Wick, Weyl or anti-Wick) observables before taking the limit e„ — > 0. For the 
sake of conciseness, the e or £„ parameter does not appear in the notations of quantized observables. 

The first condition which characterizes our class of e„-dependent density matrices reads: 

3A > : yk £ N, 7v[N k p £ „] < l k uniformly in n G N, (N = N £ „ ) . (HO) 

Wigner measures were constructed in [AmNi, Corollary 6.14] for the sequence (p<;„)neN- Possibly 
extracting a subsequence still denoted (e n )„ e m, there exists a Borel probability measure jj. called 
Wigner measure such that: 

hm Tr[p £ „ b wick ] = [ b(z) dfl(z) , for any b £ A^.p (*) > < 5 > 

with again b wick = bf ick . 

The statement dD does not hold in general for all b £ ©a^gN^a./K^H an d counterexamples ex- 
hibiting the phenomenon of dimensional defect of compactness were given in [AmNi|. The exten- 
sion of (0 to the larger class of symbols © aR^^a,p{^) depends on the sequence (p £n ) n &i an d 
it turns out to be an important fact when studying the mean field limit. In the following, a sequence 
(p £n )neN with a single Wigner measure fi will have the property (P) when: 

Hm Tr[p £ „ b wkk ] = b(z) dpi (z) , for any b £ ®%^ a ,p (2) . (P) 

Here is the main theorem. 
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Theorem 2.1 Let the sequence (Pe„) n en of density matrices, p £ „ > 0, Tr[p £ „] = 1, lim„^oo£„ = 0, 
satisfy (HO) and (P). Then the limit 

lim Tr[p £ „ e l k H ** b Wick e -'i^» ] = f (bo-e t )(z)du, (6) 

holds for anyteM. and any b € ®%en^a,P ^ with ^ = h ^ ' 
Remark 2.2 5/nce F /i a C°-map the r.h.s. of© can be written as 

{boF t )(z)dii= I Hz) dm, 

where jX t is a push-forward measure defined by /i r (B) = /X (F_ f (B)), for any Borel set B. 

We refer the reader to [AmNi] for the definition of Weyl observables and the Schwartz class of 
cylindrical functions S%i(3r). 

Corollary 2.3 Let the sequence (pe n )neH of density matrices, p £(l > 0, Tr[p £ J = 1, lim n ^oo£„ = 0, 
satisfy (HQ) and (P). Then the limit 

lim Tr[p e „ e l i He " b We > 1 e^ He " } = f boF t (z)dn, (7) 
holds for any b £ S? C yi(!3f) and any t £ K. 

Proof. A consequence of Thm. lzTl and [AmNi, Prop. 6.15] is that the sequence 

Pe n (t) = U en (t) Pen U en (t)* 
admits a single Wigner measure given by fi t . Hence, by definition 

lim Tr[p £ „(f)^"] = lim / &[b\&) Tr^f) W(V2n^)] L p (d^) 

&[b](t) fy^^dmiz) LpM). 

□ 

Another formulation states that the Wigner measure \i t satisfies a transport equation in an integral 
form. 

Corollary 2.4 Let (p £|l (?))«eN be as above and let jx t denote its Wigner measure. Then t £ K i— ► /I, 
is a solution to the transport equation: 

li t (b) = tf(b) + i f H s ({Q,b t - s })ds, (8) 
Jo 

for any b e ®^ 6 qm ^(2f) andwhere $(B) = jx(e- i,A B) for any borel set B . 

Proof. The relation ® is given by testing © on fi = fi . □ 



3 Criteria for the property (P) 

In the following, two conditions which ensure the property (P) are formulated. Recall that for any 
P € the operator T(P) acting on J%? is defined by 

r(P)\yn T =P®p...<g)P 

and T(P) is an orthogonal projector if P is too. The first criterion is a 'tightness' assumption with 
respect to the trace norm of the state 

VJ7 > 0, BP £ Jzf (JQ finite rank orthogonal projector , Vn £ N : Tr[(l - T(P))p £n ] < rj (T) . 
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The dual version is formulated as an equicontinuity assumption with respect to the Wick symbols: 



Vp,q e N, V77 > 0,3W C JSf (\/ 2f,\/2f) V£ € #o,Vn e N : Tv[p £n b w,ck } < 77 , (£) 

where #0 is a neighborhood of zero in Jzf (V p 3? , \/ g 2f) endowed with the <7-weak topology. 

Lemma 3.1 Assume that (p £n ) ng ^ satisfies (HO). Then 
0) (T) (P), 
(ii) (E) (P). 

Proof. We aim to prove (P) for € &> P a{2?). 
(i) Start with 

Tr[p £ „ i Vfc *] = Tr[p £ „ T(P)b mck T(P)] + Tr[p £ „ ( 1 - T(P) )b wkk T(P)] 

+ Tr[p £ „r(p)^*(i -r(p))} +Tr[p £ „ (1 -r(p)>™*(i -r(p))] 

Estimate all the terms containing (1 — r(P)) in a similar way. For example, we have 



Tr[p £n (l-F(P))b wkk r(P)} 



Tr[(A0^p £ „ (l-T(P))b wick (N)-^r(P)] 



<C p , q (b) (N)^pH 2 p^\\-T{P)) 



(9) 
(10) 



<C p , g (b) (N)^p £n (Nr- 
<C p , g (b)Tr[p £n (l-T(P))} 1 / 2 



| /2 ||(i-r(p))p £ „(i-r(p))||; /2 (ii) 

(12) 

< C Pt q(b) then Cauchy-Schwarz in- 



First ( [Tol l comes from the number estimate b w,ck (N) 

equality yield O- The last estimate (Ell is possible with (HO). Remark that T(P)b wick T(P) 
T(P)b(Pz) wick T(P) and that the polynomial b(Pz) S Pp^ST) when P is finite rank orthogonal 
projector. The hypothesis (T) and the above argument allow to approximate Tr[p £n b Wlck ] by the 
quantity Tr[p £(l b(Pz) w ' ck ] using rj /3 argument. 
Now, write 



Tr[p £ „£ 



Wick] 



2T 



b(z)dn 



< 



Tr[p £ „ (b wick - b(Pz) wick 
f / [b(Pz)-b(z)W 



Tr[p £ „fo(Pz 



b(Pz)dn 



So, the property (T) and (HO) implies (P). 

(ii) There exists a sequence b K £ 3P™ q (3?) such that b K converges in the (7-weak topology to b. We 
have 



Tr[p £ „^]- \J}(z)d\l 



< 



Tr[p £ 



foWick _ foWick 



}+{Tr[p £n b K (z) mck }- b K (zW 



[b K (z)-b(z)W 



(13) 



So, (P) holds by an 77 /3 argument and using respectively (E), (0 and dominated convergence for 
each term in the (r.h.s.) of (TT3l. □ 

Remark 3.2 

1) The space of bounded operators «Sf(V P ^°,V ? -^°) endowed with the (J -weak topology is not a 
Baire space when 2f is infinite dimensional. Otherwise, (E) and hence (P) would be fulfilled by any 
sequence (p £n ) n eH satisfying (HO), according to Banach-Steinhaus Theorem (Uniform Boundedness 
Principle). 

2) The hypothesis (HO) in the above lemma, can be replaced by the weaker statement (see HAmNil 
Prop.6.15]) 

3C> : Vk G N, Ti[N k p £n N k ] < C(Ck) k 

uniformly in £„. This can be interpreted as an analyticity property of t —> Trfe'^p^e^ 2 ] in 
{\t\ < 1/C}, uniformly w.r.t e n . 
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4 Proof of Thm. 



Definition 4.1 For m G N, r G {0, • • • ,m} andt\ , • • • ,t m ,t G K, associate with any b G I ^ 2 p i9 (5°) f/ie 

tl{!:K=2}= '" K€{1,2} 

ZVofe f/za? /or shortness the dependence ofc["^ (t m , • • • ,ti,t) on b is not made explicit on the notation 
and even sometimes we will write Q . By convention we set (t ) = 



We collect some statements from [ AmNi ] . Remember that b denotes the operator b = -jr^rb(z) G 



^(V p 3r,\/ p 2?) associated withfc € ^ P , q {^). 



qlp] 



Lemma 4.2 Let b G ^ P ,g(2f). 

( i) The following inequality holds true 



< 



( ii) For any m G N and r G {0,1,..., m}, we have 



2[p(p-l) + q(q-l)] \Q\ \b\#yp <r )V ? < 



(p + m - r - 1 ) ! 



jfQjp+m-r geyq+m-r j-j - 1 ) ! 

w/ien p>q with a similar expression when q> p ( replace (p + m — r, p — 1 ) w/f/; (g , +m — r,^— 
Proof. See IIAmNil Lemma 5.8, 5.9]. □ 
Lemma 4.3 For any 5 > there exists T > smc/i that for allO < t < T : 



m=0 







-i 


[ dt\ ■ 




Utffi 


Jo 


Jo 





<^ oo 



if(V p+m 2?M q+m 2") 



(15) 



Proof. It is enough to bound ( fl3T > in the case p> q. Using Lemma l4~2l ("iii) with r = 0, we obtain 



m=0 





r'm- 1 




■ / dt m 


Jo 


Jo 



<2?-i\b\ £(2 3 St\Q\) m . 

m=0 



The r.h.s. is finite whenever < t < T = (2 3 5 \Q\) l . 
Proof of Thm. O 

First consider the following expansion proved in [AmNi, (50)-(52)] for any positive integer M: 



a 



M-l 



U e (t)*b Wick U e (t) = £f 



m=0 



dt\ 



dtn 



Wick 



£ - f r fdtx- dt m u £ (t m yu°(t m ) \{Q tm ,c^ l \t m _ u ---A,t)} {2) } w ' ck u° £ (t m yu £ (t m ) 



i M I du 



dtM U e (tM)*Ug(tM) Cq™ 1 ' (f Af , - • • ,h,t) U"(tM)*U e (tn) , 



-,(M) 



Wick 



0u \*7 



where the equality holds in jSf (V* ^, V 1+9 P for any s G N, s > q - p. Multiplying on the left 
the above identity by p £(l and then using number estimates with the help of (HO), yields an identity 
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on Jz?i (Jt?) on which we take the trace. This leads to 



M-l 



Tv[ P Mtyb Wick u e M=L im 

»f~o Jo 



tm-l 



dt,„ Tr 



Pe„ (C (f m ,--- ,*i,f) 



(16) 



M 



m=l 



(if,, 



Tr 



PekU^titTulitu) (4 M \tM,---,h,t)) w ' ck ul(tMTu en (t M ) 





r'in-1 


[ dh-- 


■ / d% Tr 


Jo 


Jo 



(17) 
(18) 



The interchange of trace and integrals on the r.h.s. is justified by the bounds on Lemma l4~2l Lemma 
I4.3l implies that the term of ( [TBI and (T% are bounded by 



A m — A 











/o 


Jo 



B,» = £„ |g| (p + q + m- 1) Z A 
while the remainder (TT~8l > is estimated by 

I CI I <sign(f) M f A 



r 1 ' 



2 2 m-l+£+2 sign ( f )»> / dh . 



tm-l 



dt„ 



(m-l) 



1 ' ' ' 



c/f M 



C, 



!,W) 



— Cm- 



By Lemma |4~2l the series £™ =( )A m and L„ = ofi,n converge as soon as \t\ <Tq = (2 3 A|2|) _1 while 
limM^oo Cm = 0. Hence the relation (fT6ll(IT7l>([T8i> holds with M = °° with a vanishing third term and 
a second term bounded by Y.m=o^m = &(£n)- Therefore, we obtain 



lim -Jr{ P e n UeMb Wick U £n (t)}~ £ f fdtv f"~* dt m Tr L ,'i>0) 

:„-0 ^ Jo Jo |_ V / 



W/'dt 



= 0. 



Owing to the condition (P) which provides the pointwise convergence and the uniform bound of 
Lm=o Am> me Lebesgue's convergence theorem implies 





ftm-l 


/ dh ■ ■ 


■ / dt m Tr 


Jo 


Jo 



Wick 



V i m / dh ■ 
,^o J o 



t m -\ 



dt, 



m IpO 



Cf>(t m ,---,h,f,z) d/i-(19) 



Now, we interchange the sum over m and the integrals on (f i , ■ ■ ■ , t m , t) with the integral over ,2° on 
dT9b simply with a Fubini argument based on the absolute convergence (written here for t > 0): 



V f dt\ -- I dt m ( C^"\t m ,--- ,h,t;z) 



dpi < 



U\z\ p+q+2m dy) 


f dh-- 


(■tm-l 

■ / dt m 


r (m) (t ■ 


• ,tl,t) 




Jo 


Jo 





Again (HO) and (P) imply that for all k € N there exists A > such that 

/ \z\ 2k dfi = lim Tr[p £ „ (\z\ 2k ) wick ] = Km Tr[p £ „^] < X k . 

J% %-»o £„^0 

Hence, Lemma l4~3l vields for |f | < Tq: 



\imTr[p £ll U £ M-b W,ck U £n (t)} 

£„^0 



Li" 

m=0 



dt\ 



tm-l 



dt, 



m 



Q m, (f m ,--- ,h,t;z)dv 



tm-l 



Tf dh--- dt m Cf'(t m ,--- ,h,t;z) dfl, 
3f^ Jo Jo 



1 



°° ft f'm-l i \ 

where the integrand \ i m I dh--- I dt m Q, (z) is a convergent series in L 1 (ju). 
,to J o Jo 

The last step is the identification of the limit with the r.h.s. of (O. Indeed, an iteration of reads 

b(zt)=bt(z) + i f {Q tl A}(z) dh + i 2 f dh f dt 2 {Q, 2 , {Q h ,b t }}(e^ A z l2 ) , 



JQ JO 



after setting Zt — Ff (z) and defining the Wick symbols b t and Q t according to ([3). By induction we 
obtain for any M > 1 : 

,t\ Jo Jo 

+ i M f dt v -- f M ~ l dt M 4 M) (t u ,---,t 1 ,t;e itMA z tM ). 
Jo Jo 

An integration with respect to the measure jj. leads to 

/ bo? t ( z )dn = Yf I* dh- ■■[''"' dt n [ C { "\t n ,--- ,h,t;z)dli 

JSC „= Jo JO JJ° 



+ f 1 dh-- dt M Cf'(t M ,---,t u t;e" MA z tu )dn. 

JO JO JSC 

Again the uniform estimate Lm=o^»i when \A <Tq and Mtcim^ooCm = 0, allow to take the limit as 
M — > oo, This implies for \t\ <Tq 

f bo¥ t {z)d}i=Y j i m f dh---["' l dt m f C { Q m) (t m ,--- ,h,f,z)d\i. 
Jar Jo Jo Jsr 

This proves the result for \t\ < 7b and it is extended to any time by the next iteration argument. 
Indeed, it is clear that p £ „(?) = U en (t)p £n U £n (t)* satisfies (HO) since U e „(t) commute with N. The 
property (P) holds for p £n (t) when \t\ < To by Remark l2~2l and Corollary 12.31 For t,s such that 
\t\,\s\ < To, the sequence (p £n (t))„ef$ satisfies (HO) and (P). Therefore, the result for short times 
yields 



lim TT[p £n (t)U en ( S yb mck U e ,M = / boF s (z)dn t = bo¥ t+s (z)dii. 

£„^0 J$e J2f 



□ 



Remark 4.4 As by product we have for any b e ^^peN^a.P (^) 

boF t (z)=L l ( l i)-Ti" 1 f dh--- dt m 6 m \t m ,--- ,t u t;z). (20) 

Z±n Jo JO 



Moreover, the arguments used in the proof of Thm. \2A\ can not ensure the pointwise absolute con- 
vergence of the r.h.s. d20l ) for all zef. 



5 Examples 

Models: 

Ml) Let 3f = L 2 (M. d ,dx), A = D 2 + U(x) self-adjoint and Q is a multiplication operator by \V(x-y) 
with V E L°°(R d ). 

M2) Let % = L 2 (R d ,dx), A = yj D 2 X + m 2 + U (x) self-adjoint and Q as above. 
M3) When 3? = C d ~ R 2d ^ , one recovers the standard semiclassical limit problem and the condition 
(P) is always satisfied if (HO) is satisfied. We refer for example the reader to [CRR| IGerl JGMMP| 
|HMR] MLiPal BMarll BRobll for various results about this topic. 

Density operator Sequences: 
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1) Every sequence (pe„)«eN valued in a compact set of the Banach space of trace class operators has 
the Wigner measure Sq. If in addition (p £ „)„ e N satisfies (HO) then (P) holds true. 

2) Let (P£„)„gn as m 1) an d satisfying (HO) and let (zn)neN be a sequence of S£ such that lim„^<>o 
\z n — z| = 0. Then p £ll = W (^z n )p£„W(— ^z n ) admits the unique Wigner measure /J. = 8 Z where z 
and (P) holds true. The push-forward measure is ji, = 8 Zl . 

3) Let (z n )nsN be a sequence valued in a compact set of 3f. So p £ „ = \zf^ n ' ) (zf ' £ " ' | satisfies (//0) 
and the property (P) and admits the Wigner measures ^ Jq d e ,e,d8 where z is any cluster point of 
(Zn)neN- Several other examples can be obtained by superposition, see |AmNi |. 

4) Let (zn)«eN be a sequence such that \z n \ = 1 in 3? converging weakly to 0. Then (P) fails for 
p e „ = \E(z„))(E(z„)\ with£(z„) = W(^§z„)\£l), although (HO) holds. 
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